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Abstract

The aim of the paper is concerned with the iterative resolution of the generalized Stokes problem in the framework
of collocation Chebyshev approximation. More precisely, we analyze the performance of several preconditioners im-
proving the classical Uzawa method. We first recall that the general Stokes problem (GSP) is an elementary substep of
general interest for computing not only incompressible flows but also low Mach number flows. We then remark that
performances of the classical Uzawa algorithm for solving the GSP are in fact closely related to the Reynolds number.
In order to overcome this dependence, preconditioners are needed. The preconditioners we analyze here are recom-
mended by Fourier analysis of the pressure operator. We additionally give interpretation of the preconditioners in terms
of influence (or capacitance) techniques. We give a detailed analysis of the conditioning of the discrete collocation
Chebyshev versions of the operators. Numerical comparison is conducted in 2D as well as in 3D rectangular geometry.
Our comparative study shows that the fictitious wall permeability (FWP) method is the most efficient preconditioner. If
complemented with a suitable pressure filtering, its efficiency still increases.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The computation of Navier—Stokes equations (NSEs) for incompressible flows (and also for low Mach
number flow) is made difficult by the fact that pressure is not governed by an equation of evolution. In fact
pressure serves as a field of Lagrange multiplier that ensures mass conservation. A wide diversity of ways
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for approximating NSEs exists in the literature. Almost invariably adopting a semi-implicit scheme for
these equations leads to a sequence of generalized Stokes problems (GSPs). Therefore good solvers for the
GSP are needed for efficient resolution of NSEs. Computational Fluid Dynamic literature on the subject is
composed of two large classes of methods: projection methods and Uzawa algorithm based methods.
Contrarily to projection methods, which are founded on the concept of an operator splitting applied to the
unsteady Stokes problem (and involve some time stepping error), Uzawa’s iterative method solves at each
time step a steady problem as given in (12)—(14), and does not refer to any time stepping at that level. The
present paper exclusively considers Uzawa’s algorithm based methods. In the framework of spectral
methods a classical way for solving the GSP is the influence matrix (or capacitance matrix) technique [1-3].
The influence matrix method is efficient for 2D problem. However because of excessive memory require-
ment and difficulties related to the inversion of the influence matrix, this method turns out to be inadequate
for problem having a large amount of degrees of freedom at the boundary as in 3D-periodic situation. This
is reason why, we shall first study an alternative which consists of an approximated influence relationship
between pressure and incompressibility constraint on domain boundary, hereafter called approximated
influence technique (AIT). Other alternatives have been proposed in the literature. Haldenwang [4,5] de-
veloped the fictitious wall permeability (FWP) method that also avoids the influence matrix; this method is
hereafter denoted FWP. At the end of the 1980s, Cahouet and Chabard [6] have proposed a precondi-
tioning that they qualified as “optimal” accordingly with an operator Fourier analysis. An implementation
in the framework of finite elements confirmed the efficiency of the method hereafter denoted Cahouet and
Chabard (CC) method. For sufficiently smooth solutions, it turns out that both AIT and CC methods have
the same properties and the results for both methods will be refered to as CC/AIT method. The objective of
the present work is mostly to carry out comparison between FWP method and CC/AIT method in the
framework of pseudo-spectral Chebyshev discretization in 2D and 3D confined geometry.

The paper splits up into the following parts: in Section 2, we first show that the GSP is an elementary
step for solving incompressible and also low Mach number (or dilatable) flows. We then derive in Section 3
the pressure operator and based on a heuristic operator analysis, we show that the Uzawa algorithm needs
to be preconditioned for large Reynolds number. In Section 4, we present the preconditioned methods and
interpret them as approximate influence techniques. In Section 5, we analyze the conditioning of the dis-
crete 2D collocation Chebyshev version of the operators. The analysis is done by computing numerically
the eigenvalues of the operators. Section 6 is devoted to numerical implementation of the algorithms. We
compare the convergence of the various algorithms in both 2D and 3D situations. Finally we implement a
filtering procedure that allow an enhancement of the FWP algorithm.

2. Generalized Stokes problem

In this section we show how the GSP arises as part of solution process of incompressible and com-
pressible NSEs in bounded domain when semi-implicit treatment is adopted for time-advancing.

2.1. Incompressible flow
Let Q be a bounded domain in RY (d = 2,3). We consider the incompressible NSEs in Q:

ou—vAu+Vp=—(u-Vju+f, (1)

V-u=0, (2)

where u is the velocity field, p is the pressure, v is the viscosity and f is an external force. We consider also
initial condition and for the shake of simplicity Dirichlet boundary conditions for the velocity field. Usually
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a semi-implicit discretization is used for the diffusive part of (1) and the advective part is discretized in an
explicit manner. Then, the following GSP is to be solved at each time step

ou—vAu+ Vp =F, (3)

V-u=0, 4)

where the coefficient o is proportional to the inverse of Az the time step, F is a known vector field that
depends on extrapolations of velocities from previous times. The time stepping is typically limited by CFL-
like conditions based on the first derivatives contained in the explicit part (i.e., in the advection terms).

2.2. Flow at low Mach number

An equivalent system that concerns a momentum-—pressure formulation can be derived for dilatable
flows when using a semi-implicit treatment that exhibits the same CFL limitation on time stepping. Starting
now from the compressible NSEs:

(u) — phu+Vp =LV(V-u) = V- (o) +1, (5)

V - (ou) = —d,0, (6)

where g is the density, u the viscosity coefficient and as before, initial and boundary conditions are prescribed
for the velocity field. Because density variations with respect to pressure fluctuations in the flow are pro-
portional to the square of the Mach number, one assumes in the low Mach number approximation that fluid
density only depends on average pressure, this is, thermodynamic pressure (and also on scalar variables as
temperature). In other words, dynamic pressure has a negligible influence on density variations. Therefore
the right-hand side of (6) is determined by integrating scalar equations [7]. For instance, when a semi-implicit
discretization is used, one can consider that the density field is known at time level #n + 1 by integrating the
equation of energy. Thus, temporal and spatial derivatives of density are known at time level n + 1 thanks to
a semi-implicit scheme with the same CFL-like stability criterion. We consider now the vector identity:

1 1 2
Au=-A ——(Ag)u——=Vyg - Vu. 7
u . (ou) Q( o)u QVQ Vu (7)
We claim that in fact, a not more unstable time scheme on the viscous part is obtained when (7) is dis-
cretized as

LA(u) — 17, (8)

0

&

Au

where {7~ only contains extrapolations at time n+ 1 of the velocity and its first derivatives from the
previous times. This transformation allows us to introduce at time level n 4+ 1 an implicit term of dissipation
related to momentum diffusion, the coefficient of which is kinematic viscosity. Furthermore, the velocity
divergence at time level » + 1 can be estimated from the continuity (6) as

V-u=h= {%(V@ ‘u— 6,9)}”1?”,”4. 9)

Remark that the right-hand side of (9) can be estimated with extrapolations of velocity field that are stable
since no velocity derivatives are involved. Taking the gradient of (9), one obtains an explicit estimate of the
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viscous dissipative term related to volumic expansion. It is worth noticing that the latter extrapolation only
contains the first derivatives of velocities. Therefore this explicit treatment of the volumic viscous term is
concerned with the same type of CFL-like stability criterion. Actually, if the pressure field is not needed, the
volumic viscous term can be incorporated with pressure (we can then set 2 = 0). Taking into account all the
above semi-implicit treatments, we get at time n + 1 the following “unsteady” Stokes problem for the
momentum—pressure formulation:

u U n+1ln,...
0(ow) ~* Algw) +Vp =F = (-~ +5v) -V (uow 1) (10)

V- (ou) =g ={-d0}"", (11)

where F is a vector field that, at most, contains extrapolations of velocity first derivatives from previous
times. Consequently, time integration of (10) leads to a GSP problem that is formally identical to the one
defined by (3) and (4). The only difference could be in the variation of the viscosity coefficient v = 1/¢. This
difficulty can however be avoided by just retaining a constant viscosity v, in the left-hand side of (10) and by
transferring the fluctuating viscosity v — v, in the right-hand side of the equation. The latter quantity then
appears as the viscosity coeflicient of an extrapolation at time (n + 1)A¢ of the momentum Laplacian. The
procedure leading to the Stokes problem defined by (10) and (11) has already received two successful
applications: Non-Boussinesq convective flows by Frohlich and Peyret [8] and flows with combustion by
Denet and Haldenwang [9].

3. Pressure operator and Uzawa algorithm

Instead of solving a large system that arises from the time discretization of GSP, it has been recognized
for a long time that iterative procedures that solve a cascade of elliptic problems is an efficient way to split
up the former system. The construction of such iterative procedures is based on the analysis of the pressure
operator. In this section we present the pressure operator and, anticipating numerical results, we give an
heuristic analysis of the conditioning of the operator. Let us consider the GSP problem in Q a bounded
domain in R? (d = 2,3) with boundary I:

ou —vAu+ Vp =F, (12)

V-u=0, (13)
with Dirichlet boundary conditions
u=ur onl. (14)

In the continuity constraint (13) we have considered a homogeneous right-hand side only for simplicity of
the the presentation. Let .# be the identity operator. We define formally #p to be the Helmholtz operator

Hp = (oI —vA)p, (15)

equipped with Dirichlet boundary conditions. It is well known that J#p is invertible and therefore we can
solve (12) subject to boundary condition (14) for u:

u=#,"(F—Vp), (16)

where F is a modified right-hand side that takes accounts non-homogeneous boundary conditions. Inserting
expression (16) of u in the continuity (13), we get
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V-u=V-#,"(F-Vp)=0. (17
This leads to a linear equation for pressure

Adp=g=-V-#,(F), (18)
where pressure operator .</ is defined by

o ==V -H,'V. (19)

If the weak formulation of problem (12)—(14) is considered, it can be shown that operator .o/ is symmetric,
positive definite from L3(Q) to L3(Q) (cf. [10] for instance), where L3(Q) is the space of square integrable
functions in Q with zero mean

g@={scr@/ [s-0}

Thus, iterative methods of gradient type can be apply to solve problem (12)-(14). The simplest iterative
method for solving the GSP is the classical Uzawa algorithm which can be sumarized as follows:

1. Chose an initial guess p°.

2. For m = 0 repeat steps 2.1 and 2.2 until convergence is reached:

2.1. solve #p(u”) =F — Vp",
2.2. relaxation: p"™' =p" +9,.,(g — Ap") = p" — 0,1V - U".

The integer m above is the iterations counter and g,,,, is a relaxation parameter. The convergence of
Uzawa algorithm is guaranteed provided the relaxation parameter is sufficiently small. The performance of
the algorithm is fairly good for small values of the ratio ¢ = a/v. However for large values of o, the
convergence of the algorithm is very slow due to the bad-conditioning of the pressure operator. This is
unfortunately the case in most situations of interest where the Reynolds number is high (say v small) and
the time step Az must be taken small for CFL stability reasons. A qualitative analysis of the conditioning of
the discrete collocation Chebyshev version of .o/ is presented in Section 5 in 2D case. However we can for
the time being give an heuristic analysis that is helpful to understand the behavior of the Uzawa algorithm.

Indeed if ¢ = o/v is small (i.e., 0 < 1), neglecting the boundary conditions, we can make the following
estimate for operator .o7:

1 1
&/:—V-(af—vA)_IVZ—;V-(JJ—A)‘IV:;V-A’IV. (20)

If we make the heuristic assumption that the operators in the right-hand side of (20) commute with each
other (this is true for periodic boundary conditions) we obtain

of ~

< | =

S, (21)

i.e., ./ behaves like a constant times unity operator, therefore one expects a fairly good convergence of the
Uzawa algorithm if ¢ is small. On the other hand if ¢ > 1 we have

1 1\ 1
A =—-V-(F—=A) V~—-A. (22)
o o o

This time, .o/ behaves like the Laplacian operator. It is well known that the eigenvalues of the second order
derivation operator grow like O(N?) for finite elements method or Fourier method and O(N*) for
Chebyshev method, where N is the degree of freedom. Thus one expects a slow convergence of the Uzawa



A. Garba, P. Haldenwang | Journal of Computational Physics 191 (2003) 282-304 287

algorithm if ¢ is large. In conclusion, preconditioner is needed in order to obtain effective iterative solvers if
o is large. In what follows, we present several preconditioning methods for the Uzawa algorithm.

4. The preconditioned methods
If we assume heuristically that divergence operator nearly commutes with the inverse of Helmholtz
operator we can approximate operator .o/ as
of ==V 'V~ —HA (23)

The commutativity holds if periodic boundary conditions were considered. Indeed, let us assume that the
problem is periodic with period length L in all directions. We then introduce the Fourier expansions of u
and p:

u(x) = Y wme L px) = 3o peVE =23, (24)
kezd kezd
where i = —1. The momentum (12) (setting F = 0) reduces to
472 k|’y 21k
<°‘+ L‘2| )“kz—_TPm keZz, (25)

and the divergence operator reduces to

(V-u)k:lzTnk-uk, k ez (26)

Taking the scalar product of (25) with i2rk/L and using (26), we see that in the Fourier space the relation
o/p = —V - u takes the simple form

APk = Pk, (27)
where
4n’ |k’
= oy o (8)
In the same way, one can casily show that operator
6 =—(08 —vA) A= —#"A (29)

associated with the same periodic boundary conditions reduces to (27) with the A,’s given by (28). Thus, in
case of periodicity conditions, the equality .« = @ is true. However, in the general case the different op-
erators in the expression of .o/ do not commute because of the boundary conditions. This is particularly true
for the discrete version of the operators. Nevertheless one expects the operator € to provide a reasonable
approximation for ./ at the interior points. Let us consider operator % defined by (29) as preconditioner
for .«/. The preconditioning process consists then in replacing step 2 in the Uzawa algorithm (see Section 3)
by

H o A" = p") = 0§ — AP") = =0V 0" (30)

Applying operator # to both sides of (30) leads to the Poisson equation
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A(Sp"™) = —#(V-u") in Q, (31)
for the pressure correction (or increment)

m+1 m
m+1 p — P

0 == 32

P Qm-H ( )
Boundary conditions for (31) will be presented later. It follows from (31) that if the iterative process
converges (i.e., op™ — 0), one forces the divergence of the velocity to be solution of an homogeneous
Helmholtz equation. Therefore the divergence will be identically zero if it satisfies some homogeneous
boundary conditions (for example Dirichlet or Neumann conditions). We then extend the initial GSP in the
Following manner: the continuity constraint must be satisfied up to the domain boundary (which is true for
classical solution).

Many authors used the influence matrix technic in which pressure distribution on the boundary is de-
termined so as to satisfy the continuity constraint on the boundary I'. A detailed analysis and implemen-
tation of this method can be found in [1-3] in the framework of spectral approximations. In situations where
this technique can be applied, it leads to very accurate solution. However the influence matrix method is
efficient only in case of Stokes problems with constant coefficients and when the problem has to be solved
many times. Furthermore, the dimension of the influence matrix grows like the number of the boundary
points, this is 2(N; 4+ N,) for 2D problems and 2(N,N, + N N; + N> N3) for 3D problems, where N;, i = 1,2, 3
are the degrees of discretization in the respective directions. Due to its excessive memory requirement as well
as inaccuracy related to the inversion of the matrix of influence, this technic is prohibitive in 3D situations.
In the next three sections, we present several approaches that avoid recourse to influence matrix.

4.1. The approximated influence technique (AIT)

In Computational Fluid Dynamic literature, Poisson equation is often used to compute (or correct)
pressure field and the problem of closing this PDE with suitable boundary conditions is invariably ad-
dressed. Most of the time boundary conditions for pressure are deduced from the normal component of the
momentum equation on the boundary. Here we need to complement (31) with boundary conditions that
ensure at convergence a divergence free velocity field. To start with, let us notice that from (12) it follows
that

o(V -u)
on

dp
&—(F—ocu)-n—i—v

—Vx(Vxu)-n| onT, (33)

where n is the unit normal vector on I'. In the present method, we propose to drop the term V x (V X u) - n
in the right-hand side of (33) and consider the following approximated equation:

o(V-u)
on

Now we write (34) at iterations m + 1 and m and subtract the two resulting expressions. Furthermore if we
assume (heuristically) that V - w”*! is small with respect to V - u”, we get the following boundary conditions:
a(p™") o(V - u")

on ' om (35)

apN

an_(F—ocu)~n+v

on . (34)

for (31). The fact of the matter is that, if the overall process converges (i.e., 6p"! — 0), the divergence field
is solution of a homogeneous Helmholtz equation (right-hand side of (31)) with homogeneous Neumann
boundary condition (right-hand side of (35)).
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In contrast to influence matrix technique where boundary conditions for the pressure are determined so
that V-u =0 on I' (35), involves proportionality between two local quantities at the wall. It indeed cor-
responds to a poorer influence relationship between pressure and divergence at the wall. This is why we
suggest the name “approximated influence technic (AIT)” for this first preconditioning.

Remark. If ¢ = o/v ~ 0, it follows from (31) and (35) that Jp""! ~ —vV - u"*!, which means that the AIT
preconditioner behaves like a constant times unity operator. Therefore the AIT preconditioning has little
effect if ¢ is small.

4.2. The fictitious wall permeability method

The FWP method was developed [4,5] in the same context as the AIT method, i.e., how to impose the
continuity constraint on the boundary of the domain? To this end we note that if the continuity constraint
is assumed to be satisfied up to the boundary of the domain (which is true for classical solution), sup-
plementary boundary condition is obtained for the velocity field. Thus in situations where the normal
velocity is always one of the velocity components (for example in rectangular geometries), one may solve
the momentum (12) for the velocity field with the following boundary conditions:

e Original Dirichlet conditions (14) when the velocity component is parallel to the wall.
e Neumann conditions when the velocity component is normal to the wall.
Thus the Neumann condition on the normal velocity,

Ou,
On

= _vl‘ . u” (36)

is related to the tangential part of the velocity divergence (known at the wall: V,-u, =V, (ur),) and
permits to enforce the continuity constraint on the boundary of the domain. Hereafter subscripts ¢ and n
refer, respectively, to tangential and normal quantities.

To be concrete, let us consider the case where Q is the square domain (—1,1) x (—1,1) in R* and the
velocity components are u, v in the x and y directions respectively. Then at each iteration one solves for u the
momentum (12) associated with Dirichlet conditions

u" =ur (37)
on the sides x = —1 and x = 1 and Neumann conditions

ou™ Ovr

= __ T 38

ox dy (38)
on the sides y = —1 and y = 1. For the y component of the velocity one solves the momentum (12) subjected
to Dirichlet conditions

" = (39)
on the sides y = —1 and y = 1 and Neumann conditions

o aup

=—— 40
oy Ox (40)

on the other sides. The iterative process includes step (31) for the computation of the pressure increment
op"™*!. Therefore, after convergence of the algorithm the divergence field satisfies an homogeneous
Helmholtz equation. This ensures the divergence free condition in the whole domain since by construction
the divergence is zero on the boundary. The remaining point is to impose the original Dirichlet condition
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(14) on the velocity components normal to the boundary. This is achieved by duality thanks to boundary
condition on the pressure correction

s m+1

o) gn - Ay — (ur),), (41)
which are derived from an approximation of the normal projection of the momentum equation on the
boundary. In (41), #, = a.# — vA; and A, is the tangential part of the Laplacian operator. It follows from
(41) that after convergence of the iterative process one has solved for u, — (ur), the homogeneous Helmholz
problem

H(u, — (ur),) =0 (42)

with homogeneous Dirichlet boundary conditions on each side of the domain. This ensures that u, = (ur),
on the boundary. Thus, after convergence, all equations of the GSP (12)—(14) are satisfied.

No theoretical convergence property of FWP algorithm has yet been proved. However, numerical
experiments in the case of spectral Chebyshev Tau method [4,5] show a fast rate of convergence of the
algorithm.

Remark. If the boundary conditions are impermeable(this is (ur), = 0) then the FWP method allows the
boundary to be initially permeable (i.e., u is not necessary zero on I in the first iterations). The imper-
meability condition is obtained only after convergence of the algorithm. The name ‘““fictitious wall per-
meability”’ of the method originates from this fact.

4.3. The Cahouet and Chabard method

In the periodic case the eigenvalues of operator .o/ are A, = 41r2|k\2 / (4n2\k\2v + aL?) (see (27) and (28)).
When they are rewritten into the form J, = (v + «/4n|k|*) ", these eigenvalues may also be seen as those of
the operator

G =g —aA) (43)

This observation led Cahouet and Chabard [6] to consider operator (43) as preconditioner for .o. Then the
CC procedure consists in substituting Step 3 in the Uzawa algorithm (cf. Section 2.3) by

pm+1 :pm _ Qm+1(Vf o ocAgl)(V . um), (44)

where A, "is the inverse of the Laplacian operator with Neumann boundary conditions. More precisely at
iteration m + 1 the authors [6] solve the Poisson equation

A" =V -u" in Q (45)
with homogeneous Neumann boundary conditions

ag;ﬂ —0 onT, (46)
then set

op" ! = ap"t — vV - u”. (47)

When finite elements method is associated with the conjugated gradient method, Cahouet and Chabard [6]
found that the rate of convergence of the algorithm does not depend on the degree of approximation.
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Actually the CC method may be interpreted in term of approximated influence technique. More pre-
cisely, we have:

Proposition 1. For sufficiently smooth solution, the CC method and the AIT method are equivalent.

Proof. We assume that the divergence is sufficiently smooth and we take the Laplacian of both sides
of (47)

A(Sp™Y) = aA@™ ™ —VA(V -u™). (48)

Using (45) in (48) we see that 6p™*! satisfies the Poisson (31). Furthermore by taking the normal derivative
of (47) and using (46) one gets the boundary conditions (35) for dp”*!. On the other hand, if 5p"*! satisfies
(31) then ¢! = (5p™*! + vV - u™)/a is solution of the Poisson problem (45) and (46). Thus the two for-
mulations (31), (35) and (45), (47) are equivalent.

4.4. Description of the iterative procedures

Here we give the description of the iterative algorithms. In order to allow for dynamical choices of the
relaxation parameter, we introduce also a correction term du”*! for the velocity. The preconditioned al-
gorithms can be summarized as follows:

1. Initialization:

1.1. Choose p°.
1.2. Solve #(u’) = F — Vp'.
2. Iterations: (u”,p™) are known:
2.1. Solve Ay (6p™™) = A (V -u™).
2.2. Solve #p(Su™!) = -V (5p™th).
2.3. Compute @, ;-
2.4. Relaxation: p"™' = p" + o, op™, wt =u" 4 o, ou"T.
2.5, If |V - u"™!|| <&, then u = u""! else return to step 2.1.

The parameter ¢ is a criterion of convergence. Here ), stands for the Helmholtz operator sup-
plemented with the appropriate boundary conditions (i.e., Dirichlet conditions for the CC/AIT method,
Dirichlet/Neumann conditions in 2D and Dirichlet/Dirichlet/Neumann conditions in 3D for the FWP
method) and A, is the Laplace operator with appropriate Neumann boundary conditions. The
parameter ¢,,.; is the relaxation parameter. Because of the non-symmetrical formulation of the
Chebyshev collocation methods, our iterative procedures cannot use conjugated gradient method. We
have implemented three different methods for selecting the relaxation parameter. The simplest choice is
the Richardson method in which ¢, is kept constant during the iterations. The best choices of the
parameter ¢ are determined by numerical tests. We also have considered two dynamical methods
for choosing the relaxation parameter. The first method is the preconditioned minimal residual
(PMR) technique where at each iteration ¢, is computed in order to minimize the residual. This leads
to

m

_ (Vum, V- ourt)
Qm+l - <v . 5um+l,v . 5um+1> ?

(49)

where (-) stands for the Euclidian inner product. In some cases (namely when ¢ is small) we have observed
that when the PMR method is used, the FWP algorithm stagnates too soon. To remedy such a situation, we
have implemented an alternative method in which the relaxation parameter is taken as
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[V -u"|
Om1 = mv (50)
where || - || is the Euclidian norm. Unlike the PMR method, the latter choice of the relaxation parameter is

not optimal. However, when the method is associated to a good preconditioning, it leads to a significant
decrease of the residual at each iteration. This method will be refered to as the quasi-preconditioned
minimal residual (QPMR) method for reasons that will be justified next.

4.4.1. Analysis of the quasi-minimal residual method
Let us consider the general linear problem

Ao =f. (51)

One iteration of a preconditioned iterative method for solving (51) consists of the following steps:

1. solve A 0" = R" = f — A",

2. then set ™! = @™ + 05" !,

3. and 2" = R" — 0. A 5",
where o7, is a preconditioner for .7, ¢ is the relaxation parameter and #” is the residual at iteration m.
From step 3, the square of the Euclidian norm of the residual 2”*! is given by

127 = |27 = 20(2", 30" ) + @A 5™ | (52)

In the case of the PMR method the parameter g is chosen in order to minimize the quantity |[%""'||. This
leads to (49) in the specific case of the GSP. In the case of the general linear system (51), the choice (50) for
the QPMR method corresponds to

ggm % 5 m+1
_ 1 _hodgn )
(B N AT
If we substitute (53) in (52) we get
2" )7 = 212" (1 - (@, 5)), (54)

where i and ¥ are the unitary vectors in the directions of .«/d¢"*! and .«Z,6¢™*!, respectively. If the pre-
conditioner ./, is a good approximation of ./, one has (i,¥) ~ 1 so that the reduction factor
Bopmr = v/ 2(1 — (i, 7)) of the residual is close to zero. In practice one reasonably expects a reduction
factor at least smaller than one at each iteration, guaranteeing the convergence of the method. Observe that

in the case of the PMR method, the same calculation lead to a reduction factor fpyr = 1/ 1 — (#, 17}2. If we
assume that (i, ¥) ~ 1, we get fpyr =~ /2(1 — (&, 7)). Thus with a good preconditioner the rate of con-
vergence of the QPMR method is similar to that of PMR method .

Let us mention that the QPMR method have been used in [11] for the computation of free surface
flow and in situations where the solution is stiff this method is found to be more robust than the PMR
method.

Before we go through the numerical implementation of the algorithms, we give a qualitative analysis of
the conditioning of the various operators.

5. Eigenvalues analysis

In this section we analyze the conditioning of the discrete collocation Chebyshev versions of the oper-
ators. This is done in the 2D case. The discretization is based on the Gauss—Lobatto points
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n; =cos(jn/N), j=0,...,N, (55)

where for simplicity equal discretization is considered in both directions (this is N, = N, = N). The entire
spectrum can be found after explicit construction of the discrete operators. The operators can be con-
structed numerically by solving a sequence of (N + 1)2 elementary problems corresponding to one step of
the algorithms. For example to obtain the {(N + 1) * (j — 1) 4+ i}th column L; (0<i,j<N) of the non-
preconditioned pressure operator, we first compute

u; = A, (=Vpy),

where p;; is a pressure field with values 1 at the collocation point [cos(in/N),cos(jn/N)] and 0 elsewhere.
Then the column L;; is obtained by taking the divergence of uy;:

Lij = V . llij.

For the preconditioned operators, the corresponding column L;; is obtained by solving in addition the
Poisson equation

Av(Lyj) = H(V - uy)

with the appropriated boundary conditions.

The eigenvalues may also be found by the following procedure. If we unfold (rowwise for instance) the
discrete 2D pressure field as 1D vector of length (N + 1)°, then the collocation derivative operators can be
represented as square matrices of order (N 4 1)* x (N + 1)>. In this way the construction of the discrete
versions of the operators #, .o/ and Ay, is straightforward. Then the eigenvalues of the non-preconditioned
operator may be computed in a direct way and those of the preconditioned operators may be obtained by
solving the generalized eigenvalues problem .o/ (¢) = AAy(9).

We have used both methods to compute the eigenvalues. The results we obtained are identical up to
machine precision.

The spectrum of the non-preconditioned pressure operator as well as those of the Preconditioned op-
erators contain 8 zero eigenvalues. These zero eigenvalues are related to the well-known spurious modes
that are associated to the Gauss—Lobatto discretization of the Stokes problem (cf. [14, p. 235] for instance).
Note however that in the present situation, the spurious modes have no influence on the convergence of the
iterative process since the same modes in the right-hand side V - # _l(f‘) of (18) are filtered by the diver-
gence operator.

In Fig. 1, we plotted the eigenvalues of the three operators for the cases ¢ = 1 and ¢ = 1000 and with the
discretization N = 20. A few of them are complex with small(relatively to the real parts) imaginary parts.
The real parts of the eigenvalues of the operators are non-negative and belong to interval [0, 1]. (They
belong to [0, 1] in the case of the non-preconditioned operator.) The distribution of the real parts of the
eigenvalues can be seen in Fig. 2. For small value of ¢ (¢ = 1) most of the eigenvalues of the non-pre-
conditioned pressure operator as well as those of the preconditioned operator are clustered about unity.
This confirms the fairly good convergence of the Uzawa algorithm for small ¢. In this case the precon-
ditionings do not significantly alter the spectrum of the non-preconditioned operator.

If we switch to the large value o = 1000, the distribution of the eigenvalues of non-preconditioned
pressure operator changes drastically. Now the eigenvalues of the operator are somehow uniformly dis-
tributed in the interval [0, 7[ and only a few of them are clustered about value 0.9. This clearly indicates the
ill-conditioning of the non-preconditioned pressure operator for large . However, applying the precon-
ditionings results again to a clustering of the eigenvalues about unity.

Actually in both the cases ¢ = 1 and ¢ = 1000, more than three quarters of spectrum of the precondi-
tioned operators is constituted of eigenvalues unity. Nevertheless a relatively small number of the
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Fig. 1. Eigenvalues distribution of the pressure operator (a), the CC/AIT operator (b) and the FWP operator (c). The degree of the
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approximation is Ny = N, = 20. The left-hand pictures refer to ¢ = 1 and the right-hand ones to ¢ = 1000.
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Fig. 2. Distribution of the real parts of the eigenvalues for the three operators in the cases ¢ = 1 (a) and ¢ = 1000 (b). The degree of the
approximation is N, = N, = 20. The left-hand pictures refer to the pressure operator (x) and the CC operator (O). The right-hand ones
refer to the pressure operator (x) and the FWP operator (O).
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Table 1

Conditioning of the non-preconditioned pressure operator
N 5 10 20
g 1 1000 1 1000 1 1000
Amin 5.1 x 1072 1.87 x 1073 1.32 x 1072 1.77 x 1073 3.22x 1073 1.16 x 1073
Jmax 0.973 3.94 x 1072 0.997 0.361 1 0.893
k(o) 19.08 21.07 75.55 203.95 310.56 769.83

Table 2

Conditioning of the FWP preconditioned operator
N 5 10 20
15 1 1000 1 1000 1 1000
Amin 5.29 x 1072 4.36 x 1072 1.52 x 1072 7.75 x 1073 3.44 x 1073 226 x 1073
k(o) 18.90 22.96 65.79 129.03 290.7 442.48

Table 3

Conditioning of the CC/AIT preconditioned operator
N 5 10 20
a 1 1000 1 1000 1 1000
Amin 5.19 x 1072 2.96 x 1073 1.32 x 1072 4.57 x 1073 3.22 x 1073 2.18 x 1073
k(<) 19.27 337.84 75.76 218.82 310.56 458.72

eigenvalues are still small. As a consequence the global condition number is still bad and it deteriorates as
the degree of approximation increases. In Tables 1-3 we report an estimate of the condition number of the
operators. The “condition number” x is defined as the ratio between the maximum absolute value Ay, to
the minimum absolute value A,;, of the eigenvalues. For memory limitation we could not compute the
eigenvalues for value of N greater than 20. Observe that for small value of ¢ the condition number behaves
like N2.

In view of the distribution of the eigenvalues, the bad condition number of the preconditioned operators
seems somehow pessimistic. Indeed the few weak eigenvalues that are responsible for the bad condition
number are associated to Chebyshev modes of high frequencies. Therefore these eigenvalues may not have
any influence on the convergence of the algorithms as long as the residual is higher than the contribution of
the last Chebyshev modes in the representation of the divergence. One however expects these eigenvalues to
hold back the convergence as the residual becomes sufficiently small. This analysis is confirmed by the
numerical results presented in the next section.

6. Numerical experiments

In this section we present results of numerical experiments for both the 2D and 3D GSP. The domain is
Q= (—1,1), d =2,3, and the discretization is done by the Chebyshev collocation method based on the
Gauss—Lobatto points (55). For simplicity equal discretization is considered in all direc-
tions(N, = N, = N, = N). The discrete Helmholtz problems for velocity components and the Laplace
problem for pressure are solved by the successive diagonalization method [12,13].
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We first consider the 2D case.

6.1. The 2D case

The convergence of the iterative procedures is checked against the analytical solution

1

1
u :me(zfx)(yfz), uy = ——e@ 002 5 — (1 —x2)*(1 + y)(1 + sin(mx)) cos(2my), (56)

x—2

which is divergence free. The forcing term F in (12) is deduced from the exact solution (56). To start the
iterative procedures, we choose an homogeneous pressure. We focus on the decrease of the normalized
residual

_IV-ur

ﬂnl — - — lx
IV-w”

(57)
where || - ||, is the discrete infinity norm and V - u° is the initial divergence.

In Fig. 3(a), we compare the convergence of the Uzawa and the preconditioned algorithms in the case
o = 1. Richardson method is used with the same value of ¢ for the three algorithms. (In view of the
similarity of the spectrum of the three operators for small g, it is quite fair to make comparison using the
same relaxation parameter.) The degrees of the approximation are N, = N, = 32. For this small value of ¢
the Uzawa algorithm and the CC/AIT algorithm have always the same rate of convergence. This is in
agreement with the fact that the CC/AIT preconditioner behaves like the identity operator as ¢ — 0 (see the
remark at the end of Section 4.1). When g is taken close to value one, the FWP algorithm converges better
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Fig. 3. Convergence history of Uzawa (O), CC/AIT (x) and FWP (A) algorithms for the 2D GSP with the degrees of approximation
N, = N, = 32. Richardson method is used with ¢ = 1 (left-hand pictures) and ¢ = 1.6 (right-hand pictures). Pictures (a) refer to the case
o =1 and pictures (b) to the case ¢ = 1000.
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than the Uzawa and the CC/AIT algorithm, though initially the three algorithms have a similar rate of
convergence. The convergence of the Uzawa and the CC/AIT algorithms improves if we take values of ¢
bigger than one and with ¢ = 1.6 both preconditioned methods give virtually the same results. Note that as
¢ increases the rate of convergence of FWP method decreases. Actually in the first iterations the reduction
factor of the three algorithms behaves like ||V -u""!||_/||V -u"| ~ ¢ — 1. This means that in the first
iterations, the algorithms behave as if the condition number of the operators were one.

The results in Fig. 3(b) obtained with ¢ = 1000 and N, = N, = 32 show that for large o, the convergence
of the Uzawa algorithm becomes very slow. Now both preconditioned methods improve substantially the
convergence. Also as for the case ¢ = 1, the FWP algorithm converges better than the CC/AIT if the re-
laxation parameter is taken close to value one. Note however that the convergence of the FWP method
slows down as the residual becomes small confirming the analysis at the end of Section 5.

In Fig. 4, we show the influence of the discretization on the convergence of the algorithms. The Rich-
ardson method is used with ¢ = 1. One can see that the convergence of the FWP method improves as the
degree of the approximation increases. In contrast the convergence of the CC/AIT method deteriorates as
the discretization becomes finer.

Now we consider the dynamical methods. We first compare PMR method with QPMR method when
they are associated to each preconditioned algorithm. For the CC/AIT method, we found that both choices
of relaxation parameter always lead to similar results (see Fig. 5(a)). The two methods also lead to similar
results if ¢ is sufficiently large in the case of the FWP algorithm. However, for small value of ¢ we found
that the QPMR method gives better results (see the case ¢ = 1 in Fig. 5(b)). The same behavior is observed
when we change the degree of approximation.

@
@
o
107 107
107° 107°
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
(a) Iterations number Iterations number
10°
107
_8
310"
[as
107°
10°
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
(b) Iterations number Iterations number

Fig. 4. Convergence history of CC/AIT algorithm (a) and FWP algorithm (b) for the 2D GSP with the degrees of approximation
Ny =N, =32 (O) and N, = N, = 64 (x). Richardson method is used with ¢ = 1. The left-hand pictures correspond to the case ¢ =1
and the right-hand one to the case ¢ = 1000.
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Fig. 5. Convergence history of CC/AIT algorithm (a) and FWP (b) algorithm for the 2D GSP with the degrees of approximation
Ny =N, = 32. The PMR (O) and the QPMR () methods are used. The left-hand pictures correspond to the case ¢ = 1 and the right-
hand ones to ¢ = 1000.

In Fig. 6, we compare the convergence of the algorithms when the QPMR method (quasi-minimal re-
sidual “QMR” in the case of the Uzawa algorithm) is used. Here too, the results obtained by Uzawa and
CC/AIT algorithms are very close when ¢ is small. The behavior of the algorithms is quite similar to the
case ¢ = 1 in the static Richardson method. The superiority of FWP over the CC/AIT method becomes
clear particularly when ¢ becomes large. Note again the slowing down of the FWP algorithm as the residual
becomes small.

Next we present some numerical experiments for the 3D GSP.

6.2. The 3D case

The convergence of the algorithms is checked against the exact solution

5 5
= O onp-naa L BEI meen0-2),
y—2 x—2 (58)
5
us = B2 cos(2mz)e® 02 p=2(1 —x)*(1 + y)(1 + sinnx) cos(2my) (1 + 2*)e'*=.

2—x

As before the exact solution gives the forcing terms in the Generalized Stokes problem (12) and (13).
Moreover this solution (58) is not divergence free and therefore a non-homogeneous term is also added for

the continuity equation. To start the iterative procedures we select as previously a homogeneous pressure
field.
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Fig. 6. Convergence history of Uzawa (O), CC (x) and FWP (A) algorithms for the 2D GSP in the cases ¢ = 1 (a) and ¢ = 1000 (b).
The QPMR method is used. The left-hand pictures correspond to the approximation N, = N, = 32 and the right-hand side ones to
N, =N, = 64.

As the results for the 3D case are quite similar to those for the 2D case, we only present results obtained
with the PMR. Here for both FWP and CC/AIT algorithms, the PMR and QPMR methods always give
similar results.

In Fig. 7 we compare the convergence of the various algorithms when associated to the PMR method
(MR in the case of the Uzawa algorithm). Here too, the FWP method has the best rate of convergence. As
for the 2D case, the convergence of the FWP method slows down when the residual reaches a certain level
of precision. Here the level is is slightly higher because the exact solution (58) is more complex than the
exact solution (56) in the 2D case.

Thus for both the 2D and 3D cases, the preconditioned methods give satisfactory results. The best results
being obtained when the FWP method is employed. This shows that the modification of the boundary
conditions for the velocity in the case of FWP method plays a beneficial role for the convergence. The
eigenvalues analysis in conjunction with the convergence history indicate that the slowing down of the FWP
algorithm at low residual reflects the effect of weekly spurious eigenvalues. As these eigenvalues are as-
sociated to Chebyshev modes of high order, they can influence the convergence only at low residual. This
argument is supported by the fact that, when the degree of approximation increases, the residual decreases
to a lower level before the algorithm stagnates. This suggests an improvement of the FWP algorithm by
using a filtering procedure to remove the highest Chebyshev modes from the pressure. This will be the
subject of the next section. The same argument however does not hold for the CC/AIT method. Indeed in
some cases (Fig. 3 for instance), we do observe a change in regime of convergence of the CC/AIT algorithm,
but it occurs when the residual is too high for this to reflect the convergence of the last Chebyshev modes.
Moreover, we saw that the convergence of the CC/AIT algorithm deteriorates as the degree of approxi-
mation increases.
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Fig. 7. Convergence history of Uzawa (O), CC/AIT (x) and FWP (A) algorithms for the 3D GSP with the degrees of approximation

Ny = N, = N. = 24 (left-hand pictures) and N, = N, = N. = 32 (right-hand pictures). Pictures (a) refer to the case ¢ = 1 and pictures
(b) to the case ¢ = 1000. PMR method is used.

6.3. Enhancement of the FWP preconditioning

The use of half-staggered grid can partly overcome the problem of the spurious and weakly spurious
modes (i.e., the modes with small eigenvalues). The pressure is represented by polynomials of degree N — 1
in both directions and the continuity equation is imposed on the N x N Gauss points
[cos((2i + 1)n/2N), cos((2j + 1)n/2N)], 1 <i,j<N. This procedure is known to contain only a single
spurious mode. In addition this discretization still contains some weakly spurious modes. Since the slowing
down of the convergence is related to the weakly spurious modes (we recall that the strictly spurious modes
have no influence on the convergence since these modes are filtered by the divergence operator) this dis-
cretization may not lead to a significant improvement of convergence. Therefore a procedure which allows
also a filtering of the weak eigenvalues is much suitable. This can be achieved by using a representation of
pressure on Gauss—Lobatto points [cos(in/(N — K)),cos(jn/(N —K))], 0<i,j <N — K, where K is an
integer greater than 1 and less than N. Chebyshev interpolation is used to move from a grid to another. Let
2 be the interpolating operator which transfers variables from the finest grid to the coarse grid and # the
operator that performs the reverse process. Then the proposed procedure is the following:

Starting from a pressure field p™:

1. Filtering p = 2%p".

2. Solve #pu"*! = Vp.

3. Compute A,ép™! = #(V -u™).

4. pm+l :pm + Qmépm+1.
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Fig. 8. Distribution of real parts of the eigenvalues for the FWP operator in the case of the approximation Py (a), Py_» (b), Py_4 (c) and
Py_¢ (d), N = 20 for the pressure.
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Fig. 9. Convergence history of FWP algorithm for the 2D GSP with ¢ = 1 and approximations Py (x), Py_, (O) and Py_4 (4d), N = 32
for the pressure. Richardson method is used with ¢ = 1.4. The data are defined by the smooth solution (56).
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In step 1, applying operator 2% has the effect of removing the last K Chebyshev modes of the pressure.
Thus at each iteration a filtering procedure is applied to remove the last Chebyshev modes of pressure
before the computation of velocity. Observe that in step 2 the pressure is actually computed on the finest
grid. Indeed, in the FWP method, values of the normal velocity are used as boundary conditions for
pressure. Therefore if the pressure were computed on the coarse grid, after convergence of the algorithm,
the Dirichlet boundary condition on the normal velocity component would be satisfied only on the coarser
grid and this is not convenient.

When the filtering procedure is applied with K > 2, all the non-constant spurious modes are eliminated.
Moreover (and this is important in view of what has been previously said) as K increases, the smallest non-
zero eigenvalues are eliminated, thus resulting to better conditioning. This can be seen in Fig. 8 where the
real parts of the eigenvalues are reported. Few of the eigenvalues are still complex with relatively small
imaginary part. The results in Fig. 8 correspond to ¢ = 1000 and N = 20. Similar results are obtained with
small ¢.

The validity of the present approach has been checked by conducting numerical experiments in 2D with
both smooth and non-smooth data.

The smooth data are obtained from the analytical velocity and pressure (56) as in Section 6.1. In Figs. 9
and 10 we report results corresponding to the case 0 = 1 and ¢ = 1000, respectively. In both cases we used
the static Richardson method with ¢ = 1.4 and the degrees of approximation N, = N, = 32. It can be seen
that the different filterings virtually lead to the same rate of convergence during the first iterations. After
this stage the convergence slows down when the high modes are retained for the pressure. The convergence
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Fig. 10. Convergence history of FWP algorithm for the 2D GSP with ¢ = 1000 and approximations Py (x), Pv_, (O) and Py_4 (O),
N = 32 for the pressure. Richardson method is used with ¢ = 1.4. The data are defined by the smooth solution (56).
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Fig. 11. Convergence history of FWP algorithm for the 2D GSP with ¢ = 1000 and approximations Py (O), Py_» () and Py_4 (x),
Py_¢ (O) and Py_g (A), N = 32 for the pressure. The PMR method is used. Non smooth exact pressure data are used (see Section 6.3).

is then gradually improved when we use filterings with increasing value of K. Of course beyond a certain
value of K, no further improvement is obtained.

In Fig. 11, we show results of the filtering when non-smooth data are used. The non-smooth data are
obtained by choosing randomly the Chebyshev coefficients of the exact pressure in interval ]0, 1[. The exact
velocity is still given by (56). Here we have used the PMR method. We observe the same improvement of
the rate of convergence as K increases. Note that here the bifurcation among these different curves of
convergence occurs earlier because the coefficients of the last Chebyshev modes of the pressure can be
relatively high.

It should be noticed that in practice the procedure for filtering the parasitic modes does not work well in
the case of the CC/AIT preconditioning confirming our argument at the end of Section 6.2.

7. Conclusion

Two iterative approaches for solving the GSP has been analyzed and implemented in the framework of
collocation Chebyshev approximation. The iterative procedures use two kinds of preconditioning for the
Uzawa algorithm. One of them, the AIT/CC method is a reformulation of the preconditioning due to
Cahouet and Chabard [6] in the case of finite elements discretization. This method has the advantage of
being applicable in arbitrary domain and it leads to accurate results when associated to conjugated gradient
method. However even with the lack of symmetry of the collocation Chebyshev version of the operator, we
obtained quite satisfactory results when the AIT/CC is associated with the static Richardson or PMR like
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methods. The second preconditioning considered, the FWP method is restricted to rectangular domains.
For such geometries we found this method well suited when associated to spectral Chebyshev methods.
Comparison of the two preconditioning shows an advantage of the FWP method over the AIT/CC method.
However, we noted that the convergence of the various preconditioned algorithms slows down as the re-
sidual becomes small. This is due to the fact that, though the direct application of the preconditioning
results in a clustering of the eigenvalues about unity, it does not eliminate the weekly spurious eigenvalues
that are related to the last Chebyshev modes. Thanks to an suitable filtering process, it has been possible to
remedy to this situation for the FWP algorithm only (the filtering enhancement does not work for CC/AIT
preconditioning). The filtering consists in removing the last modes of the Chebyshev expansion of pressure
field. Numerical tests with both smooth and non-smooth (i.e., random) data confirm the effectiveness of the
filtering procedure.
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